The separation between molecular and mesoscopic length and time scales poses a severe limit to molecular simulations of mesoscale phenomena. We describe a hybrid multiscale computational technique which address this problem by keeping the full molecular nature of the system where it is of interest and coarse-graining it elsewhere. This is made possible by coupling molecular dynamics with a mesoscopic description of realistic liquids based on Landau's fluctuating hydrodynamics.
Complex multiscale phenomena are ubiquitous in nature in solid (fracture propagation [1] ), gas (Knudsen layers [2] ) or in liquid phases (fluid slippage past surfaces [3] , crystal growth from fluid phase, wetting, membrane-fluid dynamics, vibrational properties of proteins in water [4, 5] and so on). These phenomena are driven by atomistic forces but manifest themselves at larger, mesoscopic and macroscopic scales which cannot be resolved by purely large scale molecular simulations (with some notable exceptions [6] ). On the other hand, coarse-grained mesoscopic models have limited use due to the approximations necessary to treat the molecular scales intrinsic to these methods. A viable solution to this dilemma is represented by multiscale modelling via coupled models, a protocol which is also well suited to new distributed computing paradigms such as Grids [7, 8] . The idea behind this approach is simple: concurrent, coupled use of different physical descriptions.
The coupled paradigm is the underlying concept in quantum-classical mechanics hybrid schemes [1] used to describe fracture propagation in brittle materials and also in hybrid models of gas flow [2] . During the last decade, hybrid modelling of liquids has received important contributions from several research groups (see the recent review [9] ). However, it has thus far lacked the maturity to become a standard research tool for liquid and soft condensed matter systems. Hybrid simulations of liquids have been restricted to coarsegrained descriptions based on Lennard-Jones particles, reducing the major advantage of this technique of maintaining full molecular specificity where needed. Recently, new methods for energy controlled insertion of water molecules [10] have finally opened the way to real solvents such as water. So far, no hybrid method has employed an accurate description of the mesoscale (from nanometres to micrometres) as the important contribution of fluctuations has been neglected in the embedding coarse-grained liquid. The hybrid method must also ensure thermodynamic consistency, by allowing the open molecular system to relax to an equilibrium state consistent with the grand canonical ensemble [11] . Finally, all previous non-equilibrium hybrid simulations have been restricted to shear flow [9, 12] .
In this Letter, we present a coupled multiscale model called "hybrid MD" for simulation of mesoscopic quantities of liquids (water) embedding a nanoscopic molecular domain ( Fig.   1a ). Hybrid MD overcomes the limitations of previous hybrid descriptions of liquids by coupling fluctuating hydrodynamics [13] and classical molecular dynamics via a protocol which guarantees mass and momentum conservation. The present method is designed to address phenomena driven by interplay between the solute-solvent molecular interaction and the hydrodynamic flow of the solvent.
Fluctuating hydrodynamics model. Our mesoscopic description of fluid flow is based on the equations of fluctuating hydrodynamics (FH) [13] . These equations are stochastic partial differential equations which reduce to the Navier-Stokes equations in the limit of large volumes. The equations are based on the conservation equations ∂ t φ = −∇J φ , where φ = φ(r, t) is the density of any conserved variable at location r. We consider an isothermal fluid, so that the relevant variables are the mass and momentum densities φ = {ρ, g} (here g ≡ ρv and v is the fluid velocity). The mass and momentum fluxes are given by J ρ = ρv and J g = ρvv + Π + Π, where Π and Π are the mean and fluctuating contributions to the pressure tensor, respectively. The mean pressure tensor is usually decomposed as Π = (p + π)1 + Π S , where p is the thermodynamic pressure (given by the equation of state) and the stress tensor is the sum of a traceless symmetric tensor Π S and an isotropic stress π. We consider a Newtonian fluid for which Our continuum mesoscopic model is based on a finite volume discretization of the FH equations [14] , although here in an Eulerian frame of reference and on a regular lattice.
Partitioning the space into several space-filling volumes V k with k = 1, ..., N centered at positions r k , we integrate the conservation equations over each volume V k and apply Gauss'
where e kl is the unit surface vector pointing towards cell k, and A kl is the surface area connecting cells k and l. We then derive the following stochastic equations for mass and momentum exchange:
where d P k is the momentum exchange due to the fluctuating pressure tensor Π k , v kl = v k −v l and g kl is approximated on the surface kl by g kl = 1
To close the discrete conservation equations we have to devise a discretization of the dissipative and fluctuating parts which ensures the validity of the fluctuation-dissipation theorem. By choosing the discretization of the gradients coupled to a molecular model (MD) representing a dimyristoylphosphatidylcholine (DMPC) lipid monolayer solvated with water and restrained at the lipid head groups. We indicate by "P" and "C" respectively the particle and continuum cells adjacent to the hybrid interface "H". The buffer region of the MD system "B" (overlapping the C cell) is indicated by translucent water molecules and the water molecule density in the buffer region is shown in (c).
Π k and d P k take the form given in [14] (see also supplementary information). The resulting set of stochastic differential equations Eqs. (1,2) may be integrated using various stochastic integration schemes [15] ; in this work we have used a simple Euler scheme. and Coulomb interactions. The code is derived from a stripped down version of NAMD [16] .
We use a dissipative particle dynamics (DPD) thermostat [17] ensuring local momentum conservation in such a way that hydrodynamic modes are not destroyed. 1b ) and, importantly, the total quantities to be conserved. This contrasts with previous schemes [9] where particle and continuum domains intertwine within a larger overlapping region, preventing a clear definition of the system.
The rate of momentum transferred across the hybrid interface is given by F H = AJ g H · e ⊥ , where e ⊥ is the unit vector perpendicular to the surface and the momentum flux tensor at "H" is approximated as J g H = (J g P + J g C )/2. Note that J g C involves the evaluation of the discretized velocity gradient at C, and thus requires the mass and momentum of the MD system at the neighbouring P cell averaged over the coupling time ∆t C : M P ∆tc and P P ∆t c , respectively (see Fig. 1b ). On the other hand, the momentum flux tensor at the P cell can be computed for the microstate using the kinetic theory formula [18] being the contribution of atom i to the virial. Alternatively, J g P can be computed by introducing the coarse-grained variables at the neighboring MD and FH cells into the discretized Newtonian constitutive relation.
Both approaches provide equivalent results in terms of mean and variance of the pressure tensor.
The force F H at the hybrid interface is imposed on the FH domain using standard von Neumann boundary conditions. In order to impose the force −F H on the molecular system, is taken into account in the overall momentum balance [11] .
In fluid dynamics the mass flux is not an independent quantity but is controlled by the momentum flux [see Eqs. (1) and (2)]. Consequently, we do not explicitly impose the mass flux on the MD system. Instead it arises naturally from the effect of the external pressure on the molecule dynamics near the interface. The mass flux J ρ H ·e ⊥ is thus measured (via simple molecule count) from the amount of MD mass crossing the interface H over the coupling time ∆t c . The opposite of this flux is then transfered to the adjacent C cell via a simple relaxation algorithm [11] , using a relaxation time (τ r ≥ O(100) fs) large enough to preserve the correct mass distribution at the C cell, but still much faster than any hydrodynamic time. This guarantees mass conservation.
Results. We first test the conservation of the total mass M and momentum P . Results are shown in Fig. 2a , where we consider the equilibrium state of a hybrid MD simulation of water in a 3D periodic box 50 × 50 × 735Å 3 (each cell is 50 × 50 × 15Å 3 ). The embedded TIP3P water domain (including the buffers) is 75Å wide in the coupling (z) direction and was pre-equilibrated at 1 atm and 300K. Figure 2a shows the mean error in mass and momentum conservation. As stated above, mass conservation is ensured over a short time ∆t c ∼ O(100) fs, as clearly reflected in Fig. 2a . However, as the external force is imposed within the buffers B, the momentum conservation is ensured only on the "extended" system (MD+FH+B). The variation of momentum of the total system (MD+FH) is then a small bounded quantity whose time average becomes smaller than the thermal noise after about 1ps (see Fig. 2a ), i.e, faster than any hydrodynamic time scale.
The FIG. 2: (a) The normalized mean error in mass E M (τ ) and momentum E Pα (τ ) evaluated as Finally, we validate the hybrid scheme against full MD simulations of complex fluid flow (set-up Fig. 1a) . A sound wave generated by a similar Gaussian perturbation is now reflected against a lipid monolayer (DMPC) (Fig. 3b ). Each lipid is tethered by the heavy atoms of the polar head group with an equilibrated grafting cross-section of 53Å 2 /lipid, close to the experimental cross-section of membranes. In the hybrid simulation, the MD water layer close to the lipid membrane extends just 45Å above it (see Fig. 1b ). Instead, in the MD simulation we considered a large 180×50×50Å 3 box of explicit water containing around 50K atoms. The wave velocity near the layer is compared in Fig. 3b for the hybrid MD and MD simulations. The excellent agreement demonstrates that the coupling protocol accurately resolves features produced by the molecular structure. In Fig. 3b such effects are due to sound absorption by the lipid layer, highlighted by comparison with a FH simulation of the same wave impinging against a purely reflecting wall. The present sound waves simulations were done assuming an isothermal environment. This is realistic if the rate of thermal relaxation D T k 2 (with D T ∼ 1.5 × 10 −7 m/s 2 the water thermal diffusivity and k = 2π/λ the wavenumber) is comparable with or faster than its sound frequency c k. The present simulations λ ∼ 50Å are just in the limit of the isothermal sound regime [21] , while waves with λ > O(10)Å propagate adiabatically and require consideration of the energy flow [11] .
In summary, we have presented a stable and robust multiscale method (hybrid MD) for the simulation of the liquid phase which embeds a small region, fully described by chemically accurate molecular dynamics, into a fluctuating hydrodynamics representation of the surrounding liquid. Mean values and fluctuations across the interface are consistent with hydrodynamics and thermodynamics. Sound waves propagating through the MD domain and flow behavior arising from the interaction with complex molecules are both treated correctly. We considered water waves reflected by DMPC monolayers, but the scope of
